
African Journal of 

Mathematics and  

Computer Science 

Research 

 
 Volume 10  Number  5  November  2017 

ISSN 2006-9731 



 
 
 
 

ABOUT AJMCSR 
 

The African Journal of Mathematics and Computer Science Research (ISSN 2006-9731) is published bi-monthly 
(one volume per year) by Academic Journals. 

 
The African Journal of Mathematics and Computer Science Research (AJMCSR) (ISSN:2006-9731) is an open 
access journal that publishes high-quality solicited and unsolicited articles, in all areas of the subject such as 
Mathematical model of ecological disturbances, properties of upper fuzzy order, Monte Carlo forecast of 
production using nonlinear econometricmodels, Mathematical model of homogenious tumour growth, 
Asymptotic behavior of solutions of nonlinear delay differential equations with impulse etc. All articles 
published in AJMCSR are peer-reviewed. 

 

 
  Contact Us 

 

 

  Editorial Office:                            ajmcsr@academicjournals.org 

 

  Help Desk:                                  helpdesk@academicjournals.org 

 

  Website:                                  http://www.academicjournals.org/journal/AJMCSR 

 

  Submit manuscript online          http://ms.academicjournals.me/

mailto:ajmcsr@academicjournals.org
mailto:helpdesk@academicjournals.org
http://www.academicjournals.org/journal/AJMCSR
http://ms.academicjournals.me/


Editors 
 

Prof. Mohamed Ali Toumi 
Département de Mahtématiques 
Faculté des Sciences de Bizerte 
7021, Zarzouna, Bizerte 
Tunisia. 

 
Associate Professor Kai-Long Hsiao, 
Department of Digital Entertainment, 
and Game Design, 
Taiwan Shoufu University, 
Taiwan, 
R. O. C. 

 

 
Dr. Marek Galewski 
Faculty of Mathematics and Computer Science, 
Lodz University 
Poland. 
 
Prof. Xianyi Li 
College of Mathematics and Computational Science 
Shenzhen University 
Shenzhen City 
Guangdong Province 
P. R. China. 



 

Editorial Board 
 

Dr. Rauf, Kamilu 
Department of mathematics, 
University of Ilorin, 
Ilorin, Nigeria. 

 
Dr. Adewara, Adedayo Amos 
Department of Statistics, 
University of Ilorin. 
Ilorin. 
Kwara State. 
Nigeria. 

 
Dr. Johnson Oladele Fatokun, 
Department of Mathematical Sciences 
Nasarawa State University, Keffi. 
P. M. B. 1022, Keffi. Nigeria. 

 
Dr. János Toth 
Department of Mathematical Analysis, 
Budapest University of Technology and 
Economics. 

 
Professor Aparajita Ojha, 
Computer Science and Engineering, 
PDPM Indian Institute of Information 
Technology, 
Design and Manufacturing, IT Building, 
JEC Campus, Ranjhi, Jabalpur 482 011 (India). 

 
Dr. Elsayed Elrifai, 
Mathematics Department, 
Faculty of Science, 
Mansoura University, 
Mansoura, 35516, Egypt. 

 
Prof. Reuben O. Ayeni, 
Department of Mathematics, 
Ladoke Akintola University, 
Ogbomosho, 
Nigeria. 

 
Dr. B. O. Osu, 
Department of Mathematics, 
Abia State University, 
P. M. B. 2000, 
Uturu, 
Nigeria. 

Dr. Nwabueze Joy Chioma, 
Abia State University, 
Department of Statistics, 
Uturu, 
Abia State, 
Nigeria. 

 
Dr. Marchin Papzhytski, 
Systems Research Institute, 
Polish Academy of Science, 
ul. Newelska 6 0-60-66-121-66, 
03-815 Warszawa, 
POLAND. 

 
Amjad D. Al-Nasser, 
Department of Statistics, 
Faculty of Science, Yarmouk University, 
21163 Irbid, 
Jordan. 

 
Prof. Mohammed A. Qazi, 
Department of Mathematics, 
Tuskegee University, 
Tuskegee, 
Alabama 36088, 
USA. 

 
Professor Gui Lu Long 
Dept. of Physics, 
Tsinghua University, 
Beijing 100084, 
P. R. China. 

 
Prof. A. A. Mamun, Ph. D. 
Ruhr-Universitaet Bochum, 
Institut fuer Theoretische Physik IV, 
Fakultaet fuer Phyik und Astronomie, 
Bochum-44780, 
Germany. 

 
Prof. A. A. Mamun, Ph. D. 
Ruhr-Universitaet Bochum, 
Institut fuer Theoretische Physik IV, 
Fakultaet fuer Phyik und Astronomie, 
Bochum-44780, 
Germany. 



 

 

 
 
 
 
 
 
 

International Journal of Medicine and Medical Sciences 

 
 

 

 
 

 
 
 

Table of Content: Volume 10 Number 5    November, 2017 
 

 
 

 
ARTICLE 

 
 
 

Adams completion and symmetric algebra                                                                         32 
M. Routaray and A. Behera 
 

 

 
 
 
 
 
 
 
 
 
 

 

African Journal of Mathematics and Computer 
Science 

 



 

 

 

 
Vol. 10(5), pp. 32-37, November 2017 

DOI: 10.5897/AJMCSR2015.0625 

Article Number: 7B9E0E966705 

ISSN 2006-9731 

Copyright ©2017 

Author(s) retain the copyright of this article 

http://www.academicjournals.org/AJMCSR 

African Journal of Mathematics and Computer 
Science Research 

 
 
 
 

Review 

 

Adams completion and symmetric algebra 
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Deleanu, Frei and Hilton have developed the notion of generalized Adams completion in a categorical 
context. In this paper, the symmetric algebra of a given algebra is shown to be the Adams completion of 
the algebra by considering a suitable set of morphisms in a suitable category. 
 
Key words: Category of fraction, calculus of left fraction, symmetric algebra, tensor algebra, Adams 
completion. 

 
 
INTRODUCTION 
 
The notion of generalized completion (Adams 
completion) arose from a categorical completion process 
suggested by Adams (1973, 1975). Originally this was 
considered for admissible categories and generalized 
homology (or cohomology) theories. Subsequently, this 
notion has been considered in a more general framework 
by Deleanu et al. (1974) where an arbitrary category and 
an arbitrary set of morphisms of  the category are 
considered; moreover they have also suggested the dual 
notion, namely the completion (Adams completion) of an 
object in a category.  

The notion of Let  be an arbitrary category and  a 

set of morphisms of .  Let   denote the 

category of fractions of  with respect    and   

  be the canonical function. Let       denote the 

category of sets and functions. Then for a given object   

of ,  

 

   

defines a covariant function. If this function is 

representable by an object   of , that is,  

. then  is called the 

(generalized) Adams completion of  with respect to the 

set of morphisms  or simply the -cocompletion of    

We shall often refer to  as the completion of 

(Deleanu et al., 1974). Given a set of morphisms 

of , the saturation   of   is defined as the set of all 

morphisms   in   such that   is an isomorphism 

in .    is said to be saturated  if   (Deleanu 

et al., 1974). 
 
 
Theorem 1 
 

Behera and Nanda (1987) Let  be a complete small -

category (  is a fixed Grothendeick universe) and  a 

set of  morphisms  of      that  admits  a  calculus  of  left
 

*Corresponding author. E-mail: mitaray8@gmail.com. 

 

AMS  Subject Classification: 15A72, 55P60. 

 

 Author(s) agree that this article remain permanently open access under the terms of the Creative Commons Attribution 

License 4.0 International License 

http://creativecommons.org/licenses/by/4.0/deed.en_US
http://creativecommons.org/licenses/by/4.0/deed.en_US


 
 
 
 
fractions. Suppose that the following compatibility 
condition with co-product is satisfied. If each 

, ,  is an  element is  of  ,  then 

 

 
 

is an element of   . Then every object  of  has an 

Adams completion  with respect to the set of 

morphisms . 

 
 
Theorem 2 
 

Let   be a set of morphisms of   admitting a calculus 

of left fractions. Then an object   of  is the -

completion of the object  with respect to  if and only if 

there exists a morphism  in  which is co-

universal with respect to morphisms of  : given a 

morphism  in  there exists a unique 

morphism  in  such that . In 

other words, the following diagram is commutative 
(Deleanu et al., 1974): 
 

 
 
 
Theorem 3 
 

Let  be a set of morphisms in a category   admitting 

a calculus of left fractions. Let  be the 

canonical morphism as defined in Theorem 2, where is 

the -completion of . Furthermore, let  and  be 

sets of morphisms in the category which have the 

following properties (Behera and Nanda, 1987b): 
 

  and     are closed under composition, 

implies that   

implies that  , 

. 

Then   
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Symmetric algebra 
 

Let  be a commutative ring. Let   be a -module 

and  be the tensor algebra of   over .  

is a graded -algebra with the graded piece of degree 

 being the additive subgroup , which we 

denote by . The map  defined by 

 is 

a morphism of -modules, which gives an isomorphism 

of -modules of    with its image   (Murfet, 

2006). Let  denote the -th symmetric algebra 

(Grinberg, 2013). The map  is a 

subjective -module homomorphism. We prove the 

following for our need. 
 
 
Theorem 4 
 

Let   be a commutative ring with unit 1. Let 

  be -module isomorphism. Then    

has the following property: given a module 

isomorphism  , there exists a unique 

module isomorphism such 

that , that is, the following diagram is 

commutative :  
 

 
 
 
Proof 1 
 

For , define   

 
by the rule 

. 

 

Clearly  is well-defined, homomorphism, one-one and 

onto. We have 
 

 

=     

=     

=    , 
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showing   . 

For showing the uniqueness of  let there exist another 

 such that . Then 

 

 

=     

=     

=    . 

 
This completes the proof. 
 
  
Theorem 5 
 

Let      be a commutative ring with unit 1. Let  and 

 be free -modules and let  be 

a free -module subjective homomorphism. Then  has 

the following property: given a free   -module subjective 

homomorphism ,   there exists a 

unique free   -module subjective homomorphism 

   such that , that is, the 

following diagram is commutative: 
 

 
 
 
Proof 2 
 

Theorem 4, there exists a unique -module isomorphism   

  such that    : 

 

 
 

Where    is a -module 

isomorphism. Consider the diagram  

 
 
 
 

 
 

Let  .  For each , define 

 by the rule  . Then 

for each   we have   

   
  

 

Showing . Clearly  is subjective. For the 

uniqueness suppose there exists another   

 such that . For any 

each  let , ; thus  

, 

showing .This completes the proof.                                                                                                                                              

 
 

The category  

 

Let    be a fixed Grothendieck universe (Schubert, 

1972). Let    denote the category of all free -

modules and free module homomorphisms where    is 

a commutative ring with unit 1. We assume that the 

underlying sets of the elements of  are elements 

of . Let   denote the set of all free -module 

homomorphisms such that   is 

subjective. 
 
 
Proposition 
 

 Let     be a subset of ; 

where the index set  is an element of , then 

 

 
 

is an element of . 

 
 
Proof 3 
 
The proof is trivial. 



 
 
 
 

We will show that the set  of free -module 

homorphisms of the category  of free -modules 

and free -modules homomorphisms admits a calculus 

of left fraction. 
 
 
Proposition 
 

 admits a calculus of left fractions. 

 
 
Proof 4 
 

Since  consists of all subjective -module 

homomorphisms in ; clearly  is a closed family of 

morphisms of the category . We shall verify conditions 

(i)  and  (ii)  of Theorem 1.3 ([6], p. 67). Let    , 

   and  be in . Let     

and       be two free -module 

homomorphisms of the category . We show that if 

 and  then . Since 

and we have 

and . Then 

. So  is surjective. 

Hence condition (i) of Theorem 2 (Deleanu et al., 1974) 
holds. In order to prove condition (ii) of Theorem 2 
(Deleanu et al., 1974) consider the diagram   
 

 
 

in  with . We assert that the above diagram 

can be embedded to a weak push-out diagram  
 

 
 

in    with . Let 

 
 

Where  is a sub-module of   

generated by 
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. 

Define  by the rule 

 
and  by the rule  

. 
 
Clearly, the two maps are well defined and 
homomorphisms. For any  

,  we have 

 

=     

=     

=    ; 

 

Thus . Hence the diagram is commutative. In 

order to show  is subjective, take an 

element ,  

 
where

. Then  
 

 

=     

=    

 

=     

=    

 

=    

 

=    

 

 

Thus  is an epimorphism. So . 

Next let    and    be 

in category  such that .  Consider the 

following diagram 
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Define   by the rule     

 

  

 
Where . 

 

It is easy to show that     is well defined and also a 

homomorphism. Next we show the two triangles are 

commutative. For any , we 

have 
 

 

=     

=     

 

and for any , we have 

 

 

=          

=    .  

 

So  and .   Clearly       is unique. This 

completes the proof. The following result is a well-known. 
 
 
Theorem 6  
 

The category   is complete. From Theorems 6, 7 and 

8 we see that all the conditions of the Theorem 1 
(Deleanu, 1975) are satisfied. So from the Theorem 1 
(Deleanu et al., 1974)  hence we have the following 
result. 
 
 
Theorem 7 
 

Every object  of the category  has an Adams 

completion  with respect to the set of 

morphisms . Furthermore, there exists a morphism 

 in       which is couniversal with 

respect to the morphisms in : given a morphism 

 in  there exists a unique morphism 

in      that . In other words 

the following diagram is commutative: 
 

 

 
 
 
 
Theorem 8 
  

The free -module homomorphism  is 

in . 

 
 
Proof 5   
 

Let    in     is a 

subjective free -module homomorphism  

 
and 
 

 in  is a free -module 

homomorphism . 

 
Clearly,  
 

(a)    and 

(b)    and      satisfy all the conditions of  Theorem   

3. 
 

Hence . This completes the proof.  

 
 
Result 
 

We show that the th term of symmetric algebra  

of a free -module , is precisely the Adams 

completion  of .  

 
 
Theorem 9       
 

 

 
 
Proof 6 
 
Consider the following diagram: 
  

 
 
By Theorem 5, there exists a unique morphism 

    in       such that   .  



 
 
 
 
Next consider the following diagram: 
 

 
 
By Theorem 7, there exists a unique morphism 

     in    such that .     

Consider the following diagram: 
 

 
 

We have . By the uniqueness 

condition of the co-universal property of , we conclude 

that . Next consider the following diagram:  

 

 
 

We have . By the uniqueness 

condition of the property of , we conclude 

that . Thus . This 

completes the proof. 
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